Abstract. Let p be a prime number, let K be a p-field (a local field with finite residue field of characteristic p), let L be a finite galoisian tamely ramified extension of K, and let G = Gal(L|K). Suppose that L is split over K in the sense that the short exact sequence 1 → T → G → G/T → 1 has a section, where T is the inertia subgroup of G. We determine the structure of the
Introduction
() In the first part of this Note ( §2), we work with a finite field k, a finite extension l of k, and an injective morphism of groups θ : T → l × . Let q = Card k, let Σ = Gal(l|k), and let σ be the generator x → x q (x ∈ l) of Σ. View T as a submodule of the Σ-module l × , and let G = T × q Σ be the twisted product of Σ by T. For every i ∈ Z, we have the k[G]-module l(i) whose underlying k-space is l and on which G acts by σ.x = x q , t.x = θ(t) i x (x ∈ l, t ∈ T),
We show that these modules are projective, and determine when two such modules are isomorphic. The main tool is a lemma of Iwasawa [5, Lemma 1, p. 449].
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Keywords : Local fields, galoisian modules, tame ramification () In the second and third parts ( §3 and §4), we work with a local field K with finite residue field k of cardinality q and characteristic p, and a finite galoisian tamely ramified split extension L of K of residue field l and group G = Gal(L|K). The inertia subgroup T ⊂ G comes with a faithful character θ : T → l × and, since L is split over K by hypothesis, G is isomorphic to T × q Σ, where Σ = Gal(l|k).
Exploiting our study of the k[G]-modules l(i) in §2, we determine the structure of the K × ) treated in [3] .
() In the fourth part ( §5 and §6), we consider the maximal tamely ramified extension V of K of group Γ = Gal(V|K) and, putting everything together, determine the structure of the
As a consequence, we determine (in both cases : mixed-and equi-characteristic) the structure of the F p [[Γ]]-module Gal(B|V), where B is the maximal abelian extension of V of exponent p. This is achieved by passing to the limit over the results of §3 and §4.
Finally, in §6 we take K to be a finite extension of Q p with maximal galoisian extensionK and show how the sturcture theorem for the F p [[Γ]]-module Gal(B|V) as proved in §5 leads to a simple proof of the fact that the profinite group Gal(K|K) is generated by [K : Q p ] + 3 elements.
Iwasawa's lemma
() We recall a crucial lemma from Iwasawa [5] and simplify its proof. Let p be a prime number and let e > 0 be an integer ≡ 0 (mod. p). Let g > 0 be a multiple of the order ofp ∈ (Z/eZ) × , so that there is a unique morphism of groups Z/gZ → (Z/eZ) × such that 1 → p. Let n be a multiple of lcm(p − 1, e), and write n = c.(p − 1) and n = d.e. Let b (i) (i > 0) be the sequence of positive integers ≡ 0 (mod. p), namely
For every a, b ∈ Z, we denote by [a, b] the set of integers between a and b.
is surjective and every fibre has dg elements.
Proof. Consider the map [1, cp] × Z/gZ → Z/eZ sending (r, j) to rp j (mod. e) ; it is the " product " of the natural map of reduction (mod. e) on the first factor and the map 1 → p discussed in () on the second factor, and it is clearly surjective. View the interval [1, cp] as the (disjoint) union of the successive intervals [1, de] and [n + 1, n + c] on the one hand, and as the (disjoint) union of the subsets (b (i) ) i∈ [1,n] and (ip) i∈ [1,c] on the other. By the contribution of a subset S ⊂ [1, cp] we mean the family (t x ) x∈Z/eZ , where t x is the number of antecedents of x in S × Z/gZ. Clearly, the contribution of (ip) i∈ [1,c] is the same as that of [n + 1, n + c], because j → j + 1 is a permutation of Z/gZ. So the contribution of (b (i) ) i∈ [1,n] is the same as that of [1, de] , which is easy to compute : for fixed x ∈ Z/eZ and j ∈ Z/gZ, there are exactly d elements r ∈ [1, de] such that rp j ≡ x (mod. e).
() The k[Σ]-module l. Let k be a finite extension of F p of cardinality q = p a . Let l be a finite extension of k, and put f = [l : k], g = af . Let Σ = Gal(l|k), and denote by σ the generator x → x q (x ∈ l) of Σ. The k[Σ]-module l is free of rank 1, as follows from the normal basis theorem [1, V.70] : there exists an α ∈ l such that (σ i (α)) i∈Z/f Z is a k-basis of l.
() The groups T, G, and the character θ : T → l × . Let T be a subgroup of l × , e its order (so that q f ≡ 1 (mod. e)) and θ : T → l × the inclusion ; the group Hom(T, l × ) of characters of T is cyclic of order e and generated by θ. Identifying Aut(T) with (Z/eZ) × , there is a unique morphism of groups Σ → Aut(T) such that σ → q ; endow T with this action of Σ (which is the galoisian action as a subgroup of l × ) and let G = T × q Σ be the twisted product of Σ by the Σ-module T, so that σtσ −1 = t q for every t ∈ T ; we sometimes write G = TΣ.
() Concretely, if we choose a generator τ for T, then the group G has the presentation G = σ, τ | σ f = 1, τ e = 1, στ σ −1 = τ q , and θ(τ ) is a primitive e-th root of 1 in l. Conversely, if we choose an element η ∈ l × of order e, then θ −1 (η) is a generator of T. In what follows, we don't need to choose τ or η.
() The k[G]-modules l(r). For every r ∈ Z, make G act on the k-space l by the law
and denote the resulting k[G]-module by l(r) ; it is clear that l(r) depends only on the imager ∈ Z/eZ, and that the
Proof. Indeed, the k[Σ]-module l is free of rank 1 (), and if α ∈ l is a
Proof. Here we have abused notation to make χ ∈ Hom(T, l × ) stand for an l-line on which T acts via χ. By the normal basis theorem [1, V.70], there exists a β ∈ l such that the β j = β
. The l-linear actions of σ and T on the γ j are given by
In other words,
is isomorphic to the direct sum of the characters θ rp j (j ∈ Z/gZ) which are permuted by σ according to j → j + a.
() The group Gal(l|F p ) acts on the set Hom(T, l × ) of characters of T : the generator ϕ : 
The result then follows from the explicit description () of the latter modules.
() Let n be a multiple of lcm(p − 1, e), and write n = de. The
This follows from the description () of these modules, the criterion () for l(r) and l(s) to be F p [G]-isomorphic, and the numerical lemma ().
Proof. This follows from the fact that l(r) is a direct summand () of the free module k[G] (of rank 1 over k [G] and rank a over F p [G] 
Proof. As the F p [G]-modules l(r) are projective (), the filtration on M splits in the sense that M is
as we have seen in ().
3. The mixed-characteristic case () Let K be a finite extension of Q p of ramification index e K and residual degree f K . Let L be a finite tamely ramified galoisian extension of K of ramification index e and residual degree f . Let L 0 be the maximal unramified extension of K in L and let Σ = Gal(L 0 |K), T = Gal(L|K 0 ), and G = Gal(L|K). Suppose that L is split over K in the sense that the short exact sequence 1
Let k (resp. l) be the residue field of K (resp. L). Identify Σ with Gal(l|k), and let σ be the generator x → x q (x ∈ l, q = p f K ) of Σ, so that σ = ϕ f K , in the notation of (). The inertia group T comes equipped with a (faithful) character θ : T → l × giving the action of T on the set of e-th roots of π K , where π K is any uniformier of K such that L = L 0 ( e √ π K ).
Thus, we are in the situation described in ().
() Assume that the p-torsion subgroup p L × of L × has order p, so that the abslolute ramification index e L of L is divisible by p − 1 ; write e L = c.(p − 1). Note that every finite tamely ramified extension of K is contained in a finite galoisian tamely ramified split extension of K containing a primitive p-th root of 1. () Take n = e L , which is a multiple of lcm(p−1, e) (), as required in (), and note that cp = b 
() LetF p be the maximal galoisian extension of F p . As a corollary, we deduce that theF 
e K and to
, for the only difference in this case is that U cp L is trivial. () As a curiosity, the reader may wish to determine the structure of the
the sequence of positive integers ≡ 0 (mod. p), as throughout.
The equi-characteristic case
() Let K be a local field of characteristic p with finite resiude field k of cardinality q, and let L be a finite galoisian tamely ramified split extension of K of ramification index e ( ≡ 0 (mod. p)) and residual degree f (so that q f ≡ 1 (mod. e)). Every finite tamely ramified extension of K is contained in such an L. Concretely, the residue field l of L is the finite extension of k of degree f and there is a uniformiser π K of K such that K = k((π K )) and L = l(( e √ π K )). The groups Σ = Gal(l|k), G = Gal(L|K), T = Gal(L|l((π K ))) and the character θ : T → l × giving the action of T on the set of e-th roots of π K have the properties required in ().
() Let us determine the structure of the
(N) , just as in the case e = p − 1, f = p − 1 treated in [3] . The proof combines ideas from [3] with Iwasawa's lemma (), and is analogous to the proof of ().
() Let p L be the unique maximal ideal of the ring of integers
is isomorphic to l(r) for every r < 0, r ≡ 0 (mod. p), in the notation of (). See for example [2] for the general case and [3] for the special case L = K(
() Let n be a multiple of lcm(p−1, e) (), write n = c.(p−1), n = d.e and note that cp = b
L /p 0 L ; also put M n+1 = {0}. We thus get a filtration on the
Replacing n by a suitable multiple of n, we may assume that c ≡ 0 (mod. e) and therefore that
() Replacing n by mn (m > 0), we conclude that p [3] . Let us summarise.
() Let K be local field of characteristic p with finite residue field k, let L be a finite galoisian tamely ramified split extension of K, and let G = Gal(L|K). The
() While we are at it, we might as well determine the structure of the
() Let n be a multiple of lcm(p−1, e) (), with n = c.
L /Ū cp L , and put M n+1 = {1}. This filtration on the module M = M 1 has the properties required for applying Iwasawa's lemma (), thereforeŪ
Replacing n by a multiple mn, we see thatŪ
md . Taking the projective limit as m → +∞, we get the structure ofŪ
5. Passing to the tame limit 
of profinite groups splits, and the resulting conjugation action of Gal(B ′ |K) on Gal(B|B ′ ) is given by the cyclotomic character ω : Gal(B ′ |K) → F × p . It follows from [5, Lemma 4] that the short exact sequence
of profinite groups also splits. As the
, it is sufficient to determine the structure of the () Let V 0 be the maximal unramified extensions of K (in V). For every n > 0, put e n = q n − 1,
Note that L n is the maximal abelian extension of K n of exponent dividing e n , so it is galoisian over K ; put G n = Gal(L n |K). The ramification index (resp. the residual degree) of L n over K is e n (resp. ne n ). We have
() Assume that K has characteristic 0. For every finite extension L of K, denote by e L ramification index of L|Q p . As e L n ≡ 0 (mod. e n ), we have e L n ≡ 0 (mod. p − 1), for every n > 0 ; write e L n = c n .(p − 1). We have seen () that the
M n , we get from () by passage to the limit : () Let K be a finite extension of Q p of residue field k and ramification index e K , let V be the maximal tamely ramified extension of K, and let
e K , and the 
Coronidis loco
() Let K be a p-field and letK be a maximal galoisian extension of K. It is clear that if K has characteristic p, then the profinite group Gal(K|K) cannot be finitely generated, because K has infinitely many cyclic extensions of degree p : the dimension of the F p -space K + /℘(K + ) is infinite. It is common knowledge that if K is a finite extension of Q p , then Gal(K|K) can be generated by [K : Q p ] + 3 elements, cf. [6, p. 65]. As a small gift for the reader who has made it so far, we indicate how the foregoing can be used to give a nice little proof ; it relies on the following observation about profinite groups.
() We say that a subset S of a profinite group G generates G if G is the only closed subgroup of G containing S. A finite subset Π of a pro-pgroup P generates P if and only if its imageΠ in the maximal commutative quotientP of P of exponent dividing p generatesP (Burnside's " basis "
